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ABSTRACT	  
In	  JCP	  267,	  2014,	  J.	  Yao	  showed	  how	  to	  add	  a	  
single	  func1on	  call	  to	  an	  nth-‐order	  itera1ve	  
algebraic	  solver	  thereby	  raising	  its	  order	  of	  
convergence	  to	  2n-‐1.	  	  Here	  we	  generalize	  the	  
scheme	  to	  arbitrarily	  high	  order,	  without	  extra	  
deriva1ve	  evalua1ons;	  and	  we	  discuss	  the	  
efficiency	  of	  the	  schemes.	  	  For	  n=2	  (Newton’s	  
method)	  and	  moderately	  large	  system-‐size	  M,	  	  
we	  find	  a	  computa1onal	  speed	  several	  1mes	  
faster	  than	  Newton’s	  method.	  



Outline	  

•  Add	  a	  single	  func1on-‐evalua1on	  to	  raise	  the	  order	  of	  
convergence	  (OoC)	  of	  a	  root-‐solver	  from	  n	  to	  2n-‐1.	  

•  Efficiency	  and	  CPU	  1me.	  

•  Mul1-‐step	  method:	  raise	  OoC	  to	  s(n-‐1)+1.	  
–  A	  “step”	  here	  is	  one	  new	  es1mate	  of	  the	  root	  per	  itera1on	  cycle;	  

e.g.,	  Newton’s	  method	  is	  n=2,	  s=1.	  

•  Results:	  
–  Rela1ve	  efficiency	  cf.	  Newton	  as	  func1on	  of	  s	  and	  system-‐size	  M.	  
–  Example:	  tri-‐diagonal	  Jacobian	  
–  Example:	  Jacobian	  with	  a	  large	  condi1on-‐number	  

•  Discussion	  
	   L.L.	  LoDestro,	  APS/DPP,	  New	  Orleans,	  Oct.	  27—31,	  
2014	   3	  



Add	  a	  single	  func'on-‐evalua'on	  to	  raise	  
the	  OoC	  from	  n	  to	  2n-‐1*	  

•  Begin	  with	  an	  itera1ve	  algebraic	  solver	  for	  f(x)=0.	  
–  fk	  ≡	  f(xk);	  subscript	  (k)	  denotes	  itera1on	  index.	  
–  For	  OoC	  n,	  |xk+1	  –	  xk|	  =	  O(|xk	  –	  xk-‐1|n).	  
–  Taylor	  series	  ⟹	  fk	  =	  O(|xk+1	  –	  xk|).	  

•  The	  mo1va1ng	  example-‐-‐-‐raising	  Halley’s	  method,	  n=3,	  
to	  5th	  order-‐-‐-‐is	  presented	  on	  the	  following	  page.	  

•  The	  demonstra1on	  for	  general	  n	  is	  similar	  but	  with	  the	  
original	  scheme	  cast	  in	  fixed-‐point	  itera1ve	  form.	  

L.L.	  LoDestro,	  APS/DPP,	  New	  Orleans,	  Oct.	  27—31,	  
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Efficiency	  of	  func'on-‐evalua'ons	  and	  CPU	  cost	  	  

•  Higher-‐order	  methods	  require	  more	  f-‐evalua1ons	  	  	  	  
⟹	  omen	  not	  more	  computa1onally	  efficient:	  
–  Two	  itera1ons	  reduce	  the	  error	  by	  (fkn)n	  ~	  fk(n^2),	  not	  ~	  fk2n.	  
•  nn:	  	  fairly	  rapid	  error-‐reduc1on	  even	  at	  low	  n.	  
•  If	  f	  is	  expensive	  it	  can	  be	  cheaper	  to	  take	  more	  
itera1ons	  than	  to	  accomplish	  more	  per	  more	  costly	  
itera1on.	  

•  Ef,	  the	  error-‐reduc1on	  per	  func1on-‐evalua1on,	  was	  
introduced	  by	  early	  authors	  to	  analyze	  efficiency.	  
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Efficiency	  and	  CPU	  cost,	  cont.	  	  

•  E	  ≡	  error-‐reduc1on	  exponent	  amer	  k	  itera1ons:	  E =	  nk.	  	  	  

•  NT	  ≡	  total	  no.	  of	  	  f-‐evalua1ons	  to	  reach	  a	  given	  E:	  	  	  	  	  	  	  	  	  	  
NT	  =	  kN1,	  where	  N1	  is	  no.	  of	  f-‐evalua1ons	  per	  itera1on.	  

•  Then	  E	  =	  nN_T/N_1	  	  =	  (n1/N_1)N_T,	  so	  that	  Ef	  =	  n1/N_1.	  
–  M	  =	  1	  examples	  (assume	  cost	  of	  fʹ′,	  etc.	  ~	  f):	  

•  Any	  1-‐step	  method:	  Taylor	  series	  for	  f	  ⟹	  Ef	  =	  n1/n.	  	  
•  Page	  4:	  	  Ef	  =	  (2n-‐1)1/(n+1).	  	  

•  CCPU,	  CCPUf	  ≡	  computa1onal	  cost	  to	  realize	  E,	  evaluate	  f:	  
–  CCPU=	  NT	  CCPUf	  =	  CCPUf	  ln	  E /	  ln	  Ef	  	  ⟶(E_f	  ~	  1)	  	  CCPUf	  ln	  E /	  (Ef	  -‐	  1).	  

L.L.	  LoDestro,	  APS/DPP,	  New	  Orleans,	  Oct.	  27—31,	  
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Mul'-‐step	  method:	  raise	  OoC	  to	  s(n-‐1)+1	  
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2

computed derivatives are easily made.) Then E = nNT /Nk = (n1/Nk)NT , so that the reduction per function-evaluation
is Ef = n1/Nk . Evaluating Ef for the original Taylor-series-based root-solver in [1] gives Ef = n1/n; and for the
modified method, Ef = (2n−1)1/(n+1). For large n, the efficiency of both these methods clearly declines with n. We
explore Ef in more detail in Sec. IV, after further generalization of the fundamental acceleration method.

Finally we observe that Ef is a major determinant of the computational expense CCPU to realize a given E :

CCPU ∼ CCPUf
NT = CCPUf

ln E

ln Ef
−−−−−−−→
(Ef−1)≪1

CCPUf

ln E

Ef − 1
, (1)

where CCPUf
is the cost per function-call. Throughout this paper, we neglect the cost of inverting the Jacobian in

estimating CCPU.

III. GENERALIZATION OF THE ACCELERATION SCHEME TO FIXED-POINT ITERATIVE
METHODS

Acceleration of n > 2 Taylor-series-based root-solvers, while achieving convergence of order 2n − 1 with n + 1
function-evaluations, has the drawback in common with the original solver that roots of polynomials of degree n − 1
must be solved for the intermediate and final step-sizes; and the appropriate roots from these solves must be identified.
Here we circumvent these complications by developing the acceleration method for fixed-point iteration: One solves
for f(x) = 0 by iterating upon xk according to

xk+1 = xk + δk (2)

with δk = δ(fk, f ′
k, f ′′

k , . . . ), where fk ≡ f(xk), f ′
k ≡ f ′(xk), f ′′

k ≡ f ′′(xk), etc.. Without loss of generality, δ can be
written in the form

δ = −
f

f ′
(1 + g) , (3)

with g = g(f, f ′, f ′′, . . . ) and gk ≡ g(fk, f ′
k, f ′′

k , . . . ). The iteration scheme is said to be nth-order convergent if

fk+1 ∼ O(δn
k ) . (4)

The Taylor expansion of fk+1 then becomes (employing the alternate notation f (i) for the ith derivative of f where
convenient):

fk+1 =
∞
∑

i=0

f (i)
k

δi
k

i!
= −fkgk +

∞
∑

i=2

f (i)
k

i!

(

−fk

f ′
k

)i

(1 + gk)i . (5)

In the second equality, note that fkgk, the remainder of the two lowest-order terms, can be at most of second order
(since fk+1 ∼ O(δn

k )), which then implies fk ∼ δk, which in turn restricts gk to at most first order. The series is in
the form of a function, h, that is analyzed in the Appendix. It is shown there what conditions g must satisfy in order
that fk+1 ∼ O(δn

k ).
We now apply our acceleration approach to this fixed-point iteration. The functions f, g, and δ will remain the

same. To distinguish the modified iterates, we will use use tilde’s, i.e., δ̃k ≡ δ(f̃k, f̃k
′
, f̃k

′′
. . . ), f̃k ≡ f(x̃k), f̃k

′
≡

f ′(x̃k), g̃k ≡ g(f̃k, f̃k
′
, f̃k

′′
. . . ), etc.. We set

x̃k+1 = x̃k + ∆k

with

∆k = −
f̃k + f∗

f̃k
′ (1 + g∗)

g∗ ≡ g(f̃k + f∗, f̃k
′
, f̃k

′′
. . . )

and

f∗ ≡ f(x̃k + δ̃k) =
∞
∑

i=0

f̃k
(i) δ̃i

k

i!
= −f̃k g̃k +

∞
∑

i=2

f̃k
(i)

i!

(

−f̃k

f̃k
′

)i

(1 + g̃k)i .

We then have
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4

f(x̄Si+1)
)

:

x̄S0 = x̄

ḡS0 = g(ĀS0 , f ′, f ′′, . . . )

δ̄S0 = −(ĀS0/f ′) × (1 + ḡS0)

x̄Si = x̄ + δ̄Si-1

ḡSi = g(ĀSi , f ′, f ′′, . . . )

δ̄Si = −(ĀSi/f ′) × (1 + ḡSi)

x̄Ss = x̄ + δ̄Ss-1

xk+1 = x̄Ss , (7)

giving for the Taylor expansion of fk+1:

fk+1 =
∞
∑

i=0

f (i) (δ̄
Ss-1)i

i!
= f − (1 + ḡSs-1)ĀSs-1 +

∞
∑

i=2

f (i)

i!

(

−ĀSs-1

f ′

)i
(

1 + ḡSs-1
)i

= f − ĀSs-1 + h̄Ss-1 . (8)

To proceed, we develop an iterative relation for the steps from the intermediate Taylor series, beginning with:

f̄Si+1 = f − ĀSi + h̄Si .

Subtracting the series for f̄Si gives:

f̄Si+1 − f̄Si = −ĀSi + ĀSi-1 + h̄Si − h̄Si-1 ,

so that

f̄Si+1 = h̄Si − h̄Si-1 ∼ (ĀSi − ĀSi-1)O(fn−1) ∼ f̄Si O(fn−1) ∼ O(f (i+1)(n−1)+1),

where we have used Eq. (A7). Using this result in Eq. (8), we obtain the convergence rate:

fk+1 ∼ O(fs(n−1)+1), (9)

having evaluated one derivative and s f -functions.
The error-reduction per function-evaluation of this scheme, assuming f ′ costs about the same as f to evaluate, is

Ef = (s(n−1)+1)1/(n+s−1). Evaluations of Ef at small s and n reveal a single maximum, Ef = 1.495 at s = 2, n = 3,
i.e., at the first case analyzed in [1]—Halley’s scheme accelerated to 5th-order. For comparison, the original Halley’s
scheme, s = 1, n = 3, has Ef = 1.442.

We note that for n=2 and a scalar f , this multi-step method can be found in [4]. The order of convergence is
proved there in a different way—by making use of the mean-value theorem—which may be of interest.

A. Accelerating Newton’s method for systems of equations

Our interest is primarily in system-size M > 1, so we now specialize to n=2—Newton’s method—in order to limit
the expense of derivative evaluations to M2 scaling. At large M the trends in Ef are dramatically altered from the
observations following Eq. (9). The efficiency becomes

Ef = (s + 1)1/(sM+M2) −−−−−−→
1≪s≪M s1/M2

,

from which it is readily seen that there is substantial improvement with increasing s and an eventual decline at s > M ;
and that as M → ∞, Ef → 1, i.e., the per-call improvement becomes negligible. Setting dEf/ds = 0 to optimize the
efficiency yields the approximate solution s ln s ∼ M .

In Fig. 1 we illustrate the efficiency of an s-step method’s function-evaluations as a function of s and system-size
M , compared to Newton’s method: We plot constant contours of (Ef (s,M)− 1)/(Ef (1,M)− 1). For 1 ≪ s ≪ M , at
the optimum s this measure of relative efficiency → (2 + M) ln s/(s + M) ln 2. The figure shows that for moderately
large M , the introduction of additional steps s at each iteration k offers a significant advantage: Referring to Eq. (1),
we see that for M ∼ 10–50, CCPU is reduced by a factor of two to three.

	  
	  
	  
	  



Accelerated	  Newton	  scheme	  shows	  
con'nuous	  improvement	  with	  s	  
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•  Ploqed	  are	  contours	  of	  
constant	  (Ef	  (s,M)-‐1)/
(Ef(1,M)-‐1):	  	  the	  rela1ve	  
efficiency	  of	  the	  s-‐step	  
scheme	  cf.	  Newton	  
–  Improvement	  over	  

Newton	  is	  above	  a	  factor	  
of	  3	  for	  M	  above	  40.	  

–  dEf	  /ds	  =	  0	  ⇒	  s	  ln	  s	  ~	  M	  :	  
a	  good	  fit	  to	  the	  op1mum	  
s	  at	  given	  system-‐size.	  

–  Improvement	  con1nues	  
as	  M	  ⟶	  ∞.	  

s	  ln	  s	  ~	  M	  



Example:	  tri-‐diagonal	  system	  
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x1 +
1
2

sin(x2 ) = 1.0;

1
2

sin(x1) +   x2  +  1
2

sin(x3) =  1.0;

    ...   ... = ...  

    1
2

sin(xi−1) +   xi  +  1
2

sin(xi+1) =  1.0;

    ...   ... = ...                

    1
2

sin(xM -1) +   xM  = 1.0.

•  We	  solve	  this	  system	  with	  n=2,	  s=3	  and	  M=32.	  
–  8-‐byte	  arithme1c	  
–  Jacobian	  is	  inverted	  by	  back-‐subs1tu1on	  



tri-‐diagonal	  system,	  cont.	  

•  Ini1al	  guess:	  xi=1/2	  
•  Residuals	  follow	  predicted	  

convergence	  rates-‐-‐-‐
parabola	  (diamonds)	  and	  
cubic	  (circles)	  for	  Newton	  
and	  accelerated	  Newton	  
respec1vely.	  

–  Final	  itera1ons	  have	  
reached	  machine	  
accuracy.	  
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Example:	  ill-‐condi'oned	  Jacobian	  
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•  Solu1on	  is	  xi	  =	  1/i.	  
•  We	  solve	  with	  n=2,	  s=3	  and	  M=32.	  

–  8-‐byte	  arithme1c	  
–  We	  use	  Cholesky	  decomposi1on	  of	  the	  Jacobian.	  	  Large	  condi1on-‐

number	  ⇒	  inverse	  is	  inaccurate	  

Mxi +
sin(xi + x j )
i+ j −1j=1

M

∑ =
M
i
+

sin(1i + 1
j )

i+ j −1j=1

M

∑



ill-‐condi'oned	  Jacobian,	  cont.	  

•  Ini1al	  guess:	  xi=	  xsi∗(1+.5	  ri)	  
–  ri	  =	  random	  number	  in	  [-‐1,1]	  

•  Both	  the	  Newton	  and	  ac-‐
celerated	  Newton	  schemes	  
achieve	  only	  linear	  con-‐
vergence	  due	  to	  finite	  
accuracy	  of	  the	  Jacobian	  
matrix	  decomposi1on.	  

•  Accelerated	  scheme	  
nevertheless	  s1ll	  provides	  a	  
significant	  advantage.	  
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Summary/Discussion	  

•  We	  have	  extended	  [Yao,	  JCP	  2014	  (s=2)]	  to	  an	  arbitrary	  number	  of	  steps	  s	  per	  
itera1on	  and	  es1mated	  the	  error-‐reduc1on	  per	  func1on-‐evalua1on,	  Ef,	  and	  
computa1onal	  cost,	  CCPU,	  of	  the	  methods.	  
–  No	  extra	  deriva1ve-‐evalua1ons	  are	  needed.	  
–  The	  OoC	  is	  accelerated	  from	  the	  original	  order	  n	  to	  order	  s(n-‐1)+1.	  
–  M	  =	  1:	  	  	  Ef	  =	  (s(n-‐1)+1)1/(n+s-‐1).	  

•  At	  small	  n,	  Ef	  has	  a	  single	  maximum	  –	  at	  small	  s.	  	  For	  n=3,	  smax=2	  	  (which	  
turns	  out	  to	  be	  the	  page	  5	  case).	  	  Ef	  	  goes	  from	  	  =	  1.442	  to	  1.495	  :	  small	  
improvement.	  	  

–  M	  >	  1,	  n=2:	  	  	  Ef	  =	  (s+1)1/(M(s+M))	  :	  	  
•  For	  s	  ≪	  M,	  	  Ef	  increases	  with	  s.	  Op1mum	  s	  occurs	  at	  s	  ln	  s	  ~	  M:	  	  Leads	  to	  

significant	  improvement	  in	  CCPU	  for	  large	  M.	  

•  Even	  when	  the	  Jacobian	  of	  an	  originally	  2nd-‐order	  method	  is	  ill-‐condi1oned	  
and	  the	  theore1cal	  OoC	  is	  not	  achieved,	  the	  new	  scheme	  	  	  can	  reduce	  the	  
original	  CCPU	  by	  a	  factor	  of	  two.	  
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